This paper is devoted to the study of the exact controllability for a one-dimensional wave equation in domains with moving boundary. This equation characterizes the motion of a string with a fixed endpoint and the other a moving one. The control is put on the fixed endpoint. When the speed of the moving endpoint is less than the characteristic speed, by the Hilbert uniqueness method (HUM), exact controllability of this equation is established.
Introduction
Given T > . Let us consider a non-cylindrical domain Q where u is the state variable, v is the control variable and (
is any given initial value. Equation (.) may describe the motion of a string with a fixed endpoint and a moving one. The constant k is called the speed of the moving endpoint. By [], for  < k < , any (u  , u  ) ∈ L  (, ) × H - (, ) and v ∈ L  (, T), (.) admits a unique solution in the sense of transposition. The main purpose of this paper is to study the exact controllability of (.). In practical situations, many processes evolve in domains whose boundary has moving parts. A simple model is, e.g., the interface of an ice-water mixture when the temperature rises. To study the controllability problem of wave equations with moving boundary or free boundary is very significant. We first consider a one-dimensional wave equation with moving boundary when the moving endpoint moves along a line. In addition, for  < k < , (.) admits a unique solution in the sense of transposition. But for k >  (.) admits a unique solution only when more boundary conditions are described. Now the controllability problem of this system is worth considering.
As is well known, there exists a variety of literature on the controllability and stabilization problems of wave equations in a cylindrical domain. However, there are only a few works of wave equations defined in non-cylindrical domains. We refer to [-] for some known results in this respect. Cavalcanti et al. [] consider existence, uniqueness, and asymptotic behavior of global regular solutions of the mixed problem of the Kirchhoff nonlinear model for the hyperbolic-parabolic equation in non-cylindrical domains. The controllability problem of this system in [] is open and is worth considering. In [], the exact controllability of a multi-dimensional wave equation with constant coefficients in a non-cylindrical domain was established, while a control entered the system through the whole non-cylindrical domain. In [-], some controllability results for wave equations with Dirichlet boundary conditions in suitable non-cylindrical domains were investigated, respectively. But some additional conditions on the moving boundary were required, which render the method used in [] and [] inapplicable to the controllability problems of (.). In [] and [] in the one-dimensional case, the following condition seems necessary:
It is easy to check that this condition is not satisfied for the moving boundary in (.). In The rest of this paper is organized as follows. In Section , we give some preliminaries and main results. In Section , using the multiplier method, we give a growth estimate of the energy function and obtain two important inequalities used in Section . In Section , we prove that HUM works very well for (.).
Preliminaries and main results
The goal of this paper is to study the exact controllability of (.) in the following sense.
Definition . Equation (.) is called exactly controllable at the time T, if, for any initial
in the sense of a transposition satisfies
for the controllability time. The main result of this paper is stated as follows.
is exactly controllable at time T in the sense of Definition ..
Remark . We can obtain the same result as that of this paper for a more general function α k (t), as long as it meets the condition  < α k (t) < .
T to a cylindrical domain, we can obtain the same controllability result when
The control is the trace on the fixed endpoint of the solution defined in the cylindrical domain. The extension method also applies to the moving endpoint control in non-cylindrical domain. But by the extension method, the controllability time is greater.
The key to the proof of Theorem . is in two important inequalities for the following homogeneous wave equation in the non-cylindrical domain:
, we see that (.) has a unique weak solution:
In the sequel, we denote by C a positive constant depending only on T and k, which may be different from one place to another.
We have the following two important inequalities. The proofs of the two important inequalities are given in Section .
3 Observation: proof of Theorem 2.2
In this section, in order to prove Theorem ., we need the following lemmas. Define the following weighted energy for (.):
where z is the solution of (.). It follows that
Proof Multiplying the first equation of (.) by z t and integrating on (, α k (s)) × (, t), for any  < t ≤ T, we get
In the following, we calculate the above two integrals I i (i = , ). It is easy to check that
By the definition of α k and z(α k (s), s) = , we have
Therefore, it follows that
Therefore, by (.) and (.) and the definition of E(t), we obtain
, the corresponding solution z of (.) holds,
Proof Multiplying the first equation of (.) by xz x and integrating on (, α k (s)) × (, t), for any  < t ≤ T, from (.), we have
From this one concludes that
Similarly, multiplying the first equation of (.) by tz t and integrating on (, α k (s)) × (, t), for any  < t ≤ T, we obtain
From this we get
Therefore, (.) follows by (.) and (.).
By the above two lemmas, we obtain the following lemma concerning a growth estimate of the energy function.
Lemma . For any
, from the corresponding solution z of (.) follows
Proof From (.) and (.), it is easy to check that
By this equality, we get
On the other hand, for each t ∈ (, T) and k ∈ (, ), we obtain the estimate
From (.) and (.), we derive that
By this (.) follows.
In the following, we give the proof of Theorem ..
Proof of Theorem . Step . Multiplying the first equation of (.) by [x -α k (t)]z x and integrating on (, α k (t)) × (, T), it follows that
This inequality implies that
Step . In the following, we give the proof of the first inequality in (.). From (.), (.), and (.)-(.), it follows that
If T > T * k , we have
.
Step . In the following, we prove the second inequality in (.). From (.), (.), and (.)-(.), one concludes that 
